this increased interest has also come an awareness of the dangers of using ionizing radiation, and this, for example, has made X-Ray CT unsuitable for use in mass screening of the female breast. As a result, in recent years, much attention has been given to imaging with alternative forms of energy, such as low-level microwaves, ultrasound, and MR (magnetic-resonance). Ultrasonic B-scan imaging has rdready found widespread clinical applications; however, it lacks the quantitative aspects of ultrasonic computed tomography, which, in turn, can only be applied to soft tissue structures such as the female breast. A necessary attribute of any form of radiation used for biological imaging is that it be possible to differentiate between different tissues on the basis of propagation parameters.
It has already been demonstrated by Larsen and Jacobi [15] that this condition is satisfied by microwave radiation with the relative dielectric constant and the electric loss factor in the 1-10-GHz range. When used for tomography, a distinct feature of microwaves is that they allow one to reconstruct cross-sectional images of the molecular properties of the object. The dielectric properties of the water molecule dominate the interaction of microwaves and biological systems [13] , [14] , and thus by interrogating the object with microwaves it is possible to image, for example, the state of hydration of an object. When an object is illuminated with a plane wave as shown in Fig. 1 , the Fourier transform of the forward scattered fields measured on a line perpendicular to the direction of propagation of the wave (line TT in Fig. 1) gives the values of the two-dimensional Fourier transform of the object along a circular arc as shown in the figure.
In Section III, we will review the proof of this theorem.
In our review, we will show how the derivation of the theorem points to an FFT-based implementation of higher it we can find art estimate of a cross section of the object based on the scattered field. The approximations used in the linearization process are crucial to the success of diffraction tomography, and we will be careful to highlight the assumptions.
In a homogeneous medium, electromagnetic waves satisfy a homogeneous wave equation of the form
where the wavenumber k. represents the spatial frequency of the plane wave and is a function of the wavelength A, or k. = 27r/X. It is easy to verify that a solution to (1) is given by a plane wave *(7) = eJZ '"7 (2) where~0 is the wave vector of the wave and satisfies the relation l~o I = k.. For imaging, the interest is in an inhomogeneous medium, so the more general form of the wave equation is written as (V2+k (7)2)~(?)=0.
For electromagnetic fields, if the effects of polarization are ignored, k(?) can be considered to be a scalar function representing the refractive index of the medium. We then
where k. now represents the average wavenumber of the media, and n(?) is the refractive index as given by '(')=i'TT (5) The parameter na(?) represents the deviation from the average of the refractive index. In general, it will be assumed that the object of interest has finite support, so n~ ( 7) is zero outside the object. Here, we have used~and c to represent the magnetic permeability and dielectric constant and the subscript zero to indicate their average values.
If the second-order terms in nd (i.e., no<< 1) are ignored point inhomogeneity, the Green's function can be considwe find ered to represent the field resulting from a single point (V2+k~)t(?)= -2k~n8(7)+(?)= -~(7)0(7) (6) where 0(7) = 2k~n~(?) is usually called the object function.
Note that (6) scatterer.
Since (11) represents the radiation from a two-dimensional impulse source, the total radiation from all sources on the right-hand side of (11) must be given by the following superposition:
+~(7)=/G(H') 0(7') +(7)d7'.
In general, it is impossible to solve (15) for the scattered field, so approximations must be made. Two types of approximations will be considered: the Born and the Rytov.
A. The Born Approximation
The Born approximation is the simpler of the two approaches. Consider the total field +(?) expressed as the . ... .
where~is the electric-field vector. A vector theory for sum of the incident field $. (7), and a small perturbation diffraction tomography based on this equation has yet to +3(?) as in (9). The integral of ' (15) is now written as be developed.
In addition, *0(7), the incident field, is also defined as~, (?) =~G(7-7')O(?')~O(?')dr'
Thus, tjO (7) (7) (9)~, (7) =/G(7-?')0(7')~0(7') dr',
with~, satisfying the wave equation
which is obtained by substituting (8) and (9) in (6) . This form of the wave equation will be used in the work to follow.
The scalar Helmholtz equation (10) for $0 in the right-hand side of (17), yielding
In general, we may write (v2+k~)G(?l?') =-?l(7-7') (11)~~+ ')(7) =~G(?-P)O(7')[~0 (7')+~~) (7)]dr' is written in 3-space as (1, 9) #oR G(?l?')=m '12)
for the higher (i+ l)th approximation to the scattered with fields in terms of the ith solution, Since the science of R= I?-?'l.
reconstructing objects with higher order approximations is (13) not fully developed, this particular point will not be pursued
In two dimensions, the solution of (11) is written in terms any further, and the first-order scattered fields will be of a zero-order Hankel function of the first kind, and can represented by~, (i.e., without the superscript).
be expressed as Note again that the first-order Born approximation is valid only when the magnitude of the scattered field G(717') = {Hjl)(kOR).
(14) +,(7)=+(7)-$. (7) (20)
In both cases, the Green's function G(?l?') is only a is smaller than that of the incident field tjO. If the object is function of the difference 7 -?', so the argument of a cylinder of constant refractive index, it is possible to the Green's function will often be represented as simply express this condition as a function of the size of the object G(? -?'). Because the object function in (11) represents a (radius= a) and the refractive index. Let the incident wave IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTr-32, NO. 8, AUGUST 1984 $.(?)~e a plane wave propagating in the direction of the vector kO. For a large object, the field inside the object will not be given by~( 7)= 4'0~JeC,(7) + Ae~Z0"7 (21) but instead will be a function of the change in refractive index n~. Along a ray through the center of the cylinder and parallel to the direction of propagation of the incident plane wave, the field inside the object becomes a slow (or fast) version of the incident wave or object(~) = A.W+"8)ZOF (22) Since the wave is propagating through the object, the phase difference between the incident field and the field inside the object is approximately equal to the integral of the change in refractive index through the object. Therefore, for a cylinder, the total phase shift through the object is approximately
Phase Change = 47rn6~ (23) where A is the wavelength of the incident wave. For the first-order Born approximation to be valid, a necessary condition is that the change in phase between the incident field and the wave propagating through the object be less than T. This condition can be expressed mathematically as
B. The Rytov Approximation
The Rytov approximation is valid under slightly less severe restrictions. It is derived by considering the total field to be represented as [8] (?) = e$(~ (25) and rewriting the wave equation (1) as
Expressing the total phase @ as the sum of the incident phase function $0 and the scattered complex phase~, or
where
we find that
As in the Born approximation, it is possible to set the zero perturbation equation equal to zero to find
This equation is inhomogeneous and nonlinear, but can be linearized by considering the following relation
Recalling that +0=~eJL?F
we find
This result can be substituted into (30) to find
As before, the solution to this differential equation can again be expressed as an integral equation. This becomes
where the Green's function is given by (14).
Under the Rytov approximation, it is assumed that the term in brackets in the above equation can be approximated by 
For very small~,(?), the first exponential can be written in terms of the power series expansion to find t (7) =+o(~)[l +exp(-.jZ0.7) 4,(7) ]=+o(7)+ *f(7). ior not only because it allows the scattering process,to be visualized in the Fourier domain, but also because it points to efficient FFT-based computer implementations of higher order Born and Rytov algorithms currently under development. Since it appears that the higher order algorithms will be more computationally intensive, any savings in the computing effort involved is potentially important. Consider the effect of a single plane wave incident on an object. The forward scattered field will be measured at a receiver line as shown in Fig. 2 . We will find an expression for the field scattered by the object 0(?) by analyzing (17) in the Fourier domain. We will use the plots of Fig. 3 to illustrate the transformations that take place. The first-order Born equation for the scattered field (17) can be considered as a convolution of the Green's function G(7) and the product of the object function 0(7) and the incident field $.(?). First, we will define the following 
The delta function causes the ,convolution of (47) to become a shift in the frequency domain as given by This convolution is illustrated in Fig. 3 (a~-(c) for a plane wave propagating with direction vector kO = (O, kO). Fig.   3 (a) shows the Fourier transform of a single cylinder of radius L!, and Fig. 3(b) is the Fourier transform of the incident field. The resulting convolution in the frequency domain (or multiplication in the space domain) is shown in Fig. 3(c) .
To find the Fourier transform of the Green's function, the Fourier transform of (11) is taken to find (-A2+k:)~(~lF')=-e-~l"r
where A2 = a2 +/32. Rearranging terms, we see that
has a singularity for all~such that A2=a2+~2=k;.
In the space domain, the two-dimensional Green's function, (14), has a singularity at the origin so it is necessary to approximate the function by using a two-dimensional average of the values near the singularity. An approximation to G(A) is shown in Fig. 3(d) .
The Fourier transform representation is misleading because it represents a point scatterer as both a sink and a source of waves. A single plane wave propagating from left to right can be considered in two different ways depending on the point-of-view.
From the left side of the scatterer, the point scatterer represents a sink to the wave, while to the right of the scatterer the wave is spreading from a source point. Clearly, it is not possible for a scatterer to be both a point source and sink and later, when the expression for the scattered field is inverted, it will become necessary to choose a solution that leads to outgoing waves only. The effect of the convolution shown in (17) This result is shown in Fig. 3 (e) for a plane wave propagating along the y axis. Since the largest frequency domain components of the Green's function satisfy (l), the Fourier transform of the scattered field is dominated by a shifted and sampled version of the object's Fourier transform. We will now derive an expression for the field at the receiver line. For simplicity, it will be assumed that the incident field is propagating along the positive y axis or k. = (O, ko). The scattered field along the receiver line (x, y =1) is simply the inverse Fourier transform of the field in (55). This is written as which, using (55), can be expressed as (57) We will carry out the integration with respect to~. For a given a, the integral has a singularity at &2=~{k; -a2 .
Using contour integration, we can close the integration path at infinity and evaluate the integral with respect to/3 (62) where we have chosen the value of the square root to lead only to outgoing waves.
Taking the Fourier transform of both sides of (62), we find that J( +,x,y=l)e-'axdx =f'(a,l).
But since r(x, 1) is equal to a phase-shifted version of the object function, the Fourier transform of the scattered field along the line y = 1 is related to the Fourier transform of the object along a circular arc, The use of the contour integration is further justified by noting that only those waves that satisfy the relationship a2+~2=k;
will be propagated, and thus it is safe to ignore all waves not on the ko-circle. This result is diagramed in Fig, 5 . This is diagramed in Fig. 6 . Equation (63) leads us to a similar result for diffraction tomography.
Recall that a and /3 in (63) are related by
Thus, f'(a), the Fourier transform of the received field, is proportional to O(a, P -ko), the Fourier transform of the object along a circular arc. This result has been called the In the forward process, it is necessary to assume that the object is weakly scattering so that either the Born or the Rytov approximations can be used. Once we arrive at an expression for the scattered field, it is necessary to not only measure the scattered fields but then numerically implement the inversion process. By carefully setting up the simulations, it is possible to separate the effects of these errors. To study the effects of the Born and the Rytov approximations, it is necessary to calculate (or even measure) the exact fields and then make use of the best possible (most exact) reconstruction formulas available. The difference between the reconstruction and the actual object can then be used as a measure of the quality of the approximations.
These simulations are similar to a study performed by Azimi and Kak. In [3] , the effects of multiple scattering on first-order diffraction tomography algorithms were discussed for objects consisting of multiple cylinders, It was concluded that even when object inhomogeneities are as small as 5 percent of the background, multiple scattering can introduce severe distortions in first-order reconstructions.
A. Qualitative Analysis
The exact field for the scattered field from a cylinder as shown by Weeks [25] was calculated for cylinders of various sizes and refractive index. In the simulations that follow, a single plane wave was incident on the cylinder, and the scattered field was calculated along a line at a distance of 100 wavelengths from the origin.
At the receiver line, the received wave was measured at 512 points spaced at 1/2 wavelength intervals. In all cases, the rotational symmetry of a single cylinder at the origin was used to reduce the computation time of the simula- Clearly, all the cylinders of refractive index 1.001 in Fig.  7 were perfectly reconstructed.
As (24) predicts, the results get worse as the product of refractive index and radius gets larger. The largest refractive index that was successfully reconstructed was for the cylinder in Fig. 7 of radius 1 wavelength and a refractive index that differed by 20 percent from the surrounding medium.
While it is hard to evaluate the two-dimensional reconstructions, it is certainly reasonable to conclude that only cylinders where the phase change across the object was less than or equal to 0.877 were adequately reconstructed. In general, the reconstruction for each cylinder where the phase change across the cylinder was greater than n shows severe artifacts near the center. This limitation in the phase change across the cylinder is consistent with the condition expressed in (24) above.
A similar set of simulations was also done for the Rytov approximation, and is shown in Fig. 8 . In this case, the reconstructions were performed for cylinders of radius 1, 2, 40, and 100 A, and refractive indices of 1.001, 1,01, 1.05, and 1.10. Because of the large variation in cylinder sizes, al reconstructions were performed so that the estimated object filled half of the reconstruction matrix. While the error in the reconstructions does increase for larger cylinders and higher refractive indices, it is possible to successfully reconstruct larger objects with the Rytov approximation.
B. Qualitative Comparison of the Born and Rytov Approximation
Reconstructions using exact scattered data show the similarity of the Born and Rytov approximations for. small objects with small changes in the refractive index. For. a cylinder of radius 1 wavelength and a refractive index that differs by 1 percent from the surrounding medium, the resulting reconstructions are shown in Fig. 9 . In both cases, On the other hand, the reconstructions of objects that are large or have a refractive index that differ by a large factor from one illustrate the differences between the Born and the Rytov approximations. Fig. 10 shows a simulated reconstruction for an object of radius 1 and refractive index of 1.20 . In this region, the Born approximation i;s superior to the Rytov. According to Chemov [4] and Keller [11] , the Rytov approximation should be much superior to the Born for objects much larger than a wavelength, Reconstructions IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL MTT-32,NO.8, AUGUST 1984 I'!l were done based on the exact scattered wave from a cylinder of radius 40 wavelengths and a refractive index that differed by 1 percent from the surrounding medium. The reconstructed refractive index is shown in Fig. 11 . While the Born approximation has provided a good estimate of the size of the object, the reconstruction near the center is clearly not accurate. and the 3A cylinder, this breakpoint occurs at a phase shift of 0.6 and 0.77r. Thus, a criteria for the validity of the Born approximation is that the product of the radius of the cylinder in wavelengths and the change in refractive index must be less than 0.175. MTT-32, NO. 8, AUGUST 1984 In each of the simulations, Recall the integral equation (15) which forms the basis of our reconstruction process:
,(?) =~O(?')+0(7')G( 7-7')d~.
An alternative to the Born approximation is to define (67) and to substitute this modified object function 0'(7) for 0(7) in the integral of (17) above to find +,(7) =~0'(7')+o(7')G( H')dF'.
Since $.(7) and G(? -?') are known exactly, for a single incident plane wave, the relationship between the scattered field and 0'(7) is exact. In practice, a tomographic image is formed using the information from multiple incident plane waves, and thus the reconstruction of 0'(?) can only provide approximate information about the failure of the Born approximation under large phase changes. It is the relation between our exact estimate for 0'(?) and the actual object function 0(?) that we would like to investigate.
Under the first Born approximation, we have assumed that
and thus to a good approximation
Here (70) and thus our reconstruction procedure yields a good estimate of the object.
For objects that do not satisfy the Born approximation, part of the reconstruction error shows up as a phase shift. In (23), we estimated that a ray passing through the center of a homogeneous cylinder undergoes a phase shift of 4i7n8a Phase Change =~. Totaf unwrapped phase of the Born reconstnrction for a 10A cylinder with a refractive index between 1.01 and 1.20.
Thus, to a first approximation, the reconstruction of 0' (7) is related to the actual object function The total phase error at the center of a 10X cylinder is shown in Fig. 15 . While the total phase error does increase with refractive index at large refractive indices, it is apparent that a more complete theory is needed to estimate the object function more accurately, 
